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Abstract 


This paper introduces the concept of single-valued neutrosophic hyper BC'K- 
subalgebras as a generalization and alternative of hyper BC’ K-algebras and on 
any given nonempty set constructs at least one single-valued neutrosophic hyper 
BC kK-subalgebra and one a single-valued neutrosophic hyper BC'K-ideal. In this 
study level subsets play the main role in the connection between single-valued 
neutrosophic hyper BC K-subalgebras and hyper BC’ k-subalgebras and the con- 
nection between single-valued neutrosophic hyper BC'K-ideals and hyper BC K- 
ideals. The congruence and (strongly) regular equivalence relations are the impor- 
tant tools for connecting hyperstructures and structures, so the major contribu- 
tion of this study is to apply and introduce a (strongly) regular relation on hyper 
BCK-algebras and to investigate their categorical properties (quasi commutative 
diagram) via single-valued neutrosophic hyper BC’ K-ideals. Indeed, by using 
the single-valued neutrosophic hyper BC'K-ideals, we define a congruence rela- 
tion on (weak commutative) hyper BC'K-algebras that under some conditions is 
strongly regular and the quotient of any (single-valued neutrosophic)hyper BC K- 
(sub)algebra via this relation is a (single-valued neutrosophic) (hyper BC'K-sub- 
algebra) BC K-(sub)algebra. 


Keywords: single-valued neutrosophic (hyper) BC’ K-subalgebra, quasi commuta- 
tive diagram, extendable single-valued neutrosophic (hyper) BC K-ideal. 


2020 Mathematical Subject Classification: 03B47 , 06F35 , 03B52. 


Presented by: Janusz Czelakowski 
Received: January 21, 2021 


© Copyright by Author(s), Lédz 2023 
© Copyright for this edition by Uniwersytet Lédzki, Lédz 2023 


Mohammad Hamidi 


1. Introduction 


Theory of neutrosophic set as an extension of classical set, (intuitionis- 
tic) fuzzy set [21] and interval-valued (intuitionistic) fuzzy set is intro- 
duced by Smarandache for the first time in 2005 [18] and novel concept 
of neutrosophy theory titled neutro-(hyper)algebra as the development of 
classical (hyper )algebra and partial-(hyper)algebra [19]. This concept han- 
dles problems involving ambiguous, hesitancy, and conflicting data and de- 
scribes the main tool in modeling unsure hypernetworks in all sciences, see 
in more detail, accessible single-valued neutrosophic graphs [3], derivable 
single-valued neutrosophic graphs based on KM-single-valued neutrosophic 
metric [5] and single-valued neutrosophic directed (hyper)graphs and ap- 
plications in networks [4], single-valued neutrosophic general machine [17] 
and a novel similarity measure of single-valued neutrosophic sets based on 
modified manhattan distance and its applications [22]. Today, in the scope 
of logical (hyper)algebras, (hyper) BC K-algebras and their generalization 
such as fuzzy hyper BC’ K-subalgebras and single-valued neutrosophic hy- 
per BC'K-subalgebras are investigated and applied in related interdisci- 
plinary sciences such as inf-hesitant fuzzy ideals in BCK/BCT-algebras [10], 
length neutrosophic subalgebras of BCK=BCI-algebras [9], fuzzy soft pos- 
itive implicative hyper BCK-ideals of several types [13], implicative neu- 
trosophic quadruple BCK-Algebras and ideals [15], construction of an HV- 
K-algebra from a BCK-algebra based on ends lemma [16], and implicative 
ideals of BCK-algebras based on MBJ-neutrosophic sets [20]. The funda- 
mental relations make an important role in the connection between hyper 
BCK-subalgebras and BCK-subalgebras and some research is published in 
this scopes such as on fuzzy quotient, BCK-algebras [2], (semi)topological 
quotient BCK-algebras [14] and extended fuzzy BCK-subalgebras [23]. 

Recently in the scope of neutro logical (hyper) algebra Hamidi, et al. 
introduced the concept of neutro BC K-subalgebras [6] and single-valued 
neutro hyper BCK-subalgebras [7] as a generalization of BC’ K-algebras 
and hyper BC K-subalgebras, respectively and presented the main results 
in this regard. 

Regarding these points, we try to develop the notation of fuzzy hy- 
per BC K-subalgebras to the concept of single-valued neutrosophic hy- 
per BC K-subalgebras and so we want to seek the connection between 
single-valued neutrosophic BC'K-algebras and single-valued neutrosophic 
hyper BC'K-algebras. In this paper, we consider single-valued neutro- 
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sophic hyper BC K-ideals and describe the relationship between ( BC'K- 
ideals) hyper BC K-ideals and single-valued neutrosophic hyper BC K- 
ideals. The connection between of category of logical algebras and the 
category of logical hyperalgebras (as quasi commutative diagram) is based 
on fundamental relation and this problem is made a motivation to intro- 
duce some relation on hyper BC'K-subalgebras via the single-valued neu- 
trosophic hyper BC’ K-subalgebras and single-valued neutrosophic hyper 
BCK-ideals, it is the main and major contribution of this study. We 
apply a fundamental relation to any given hyper BC'K-algebras and dis- 
cuss the quotient of single-valued neutrosophic hyper BC'K-algebras to 
the convert of single-valued neutrosophic BC’K-algebras and discuss the 
quotient of single-valued neutrosophic hyper BC'K-ideals to the convert of 
single-valued neutrosophic BC’ K-ideals. Moreover, applying the concept 
of single-valued neutrosophic hyper BC K-ideals, we get a congruence re- 
lation on (weak commutative) hyper BC K-algebras that the quotient of 
any given hyper BC’ K-algebra via this relation is a (hyper BC’ K-algebra) 
BCK-algebra. An isomorphism theorem of single-valued neutrosophic hy- 
per BC’ K-ideals is obtained using the special single-valued neutrosophic 
hyper BC'K-ideals. In the section 3, we investigated on single-valued 
neutrosophic hyper BC'K-subalgebras, especially we converted any given 
nonempty set to hyper BC K-subalgebra and obtained a family of single- 
valued neutrosophic hyper BC’ K-subalgebras. In the section 4, it is pre- 
sented the concepts of single-valued neutrosophic hyper BC'K-ideals, espe- 
cially any given nonempty set extended to a hyper BC’K-algebra with at 
least a single-valued neutrosophic hyper BC K-ideal. 


2. Preliminaries 


In this section, we recall some concepts that need to our work. 


DEFINITION 2.1. [8] Let X #4 Q. Then a universal algebra (X,V,0) of type 
(2,0) is called a BCK-algebra, if V x,y,z € X: 

BCI-1) ((a0 y)0 (a0 z))0 (2d y) =0, 

BCI-2) (ad (xv y))0 y =0, 

) ad x =0, 


where J(x, y) is denoted by xv y. 
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DEFINITION 2.2. [1, 11] Let X #0 and P*(X)={Y |@ AY CX}. Then 

fora map @ : X* — P*(X) a hyperalgebraic system (X, 0,0) is called a 

hyper BC K-algebra, ifV x,y,z EX: 

(H1) (toz)o(yoz)<Kxoy, 

(H2) (toy) oz=(r 02) oY, 

(H3) 7 9X <2, 

(14) ¢<yandy <x imply «=y, 

where « < y is defined byO EC toay,VWZCX,W KAS Vae 

WiAbeZsta<b,WoZ)= U (a @ b) and (x,y) is denoted by 
a€W,bEZ 


LO Y. 


We will call X is a weak commutative hyper BC K-algebra if, V x,y © 
X,(x 0 (rey))Nye(yex)) FO. 


THEOREM 2.3. [11] Let (X, 0,0) be a hyper BCK-algebra. ThenV x,y,z € 
X andW,Z CX, 

(i) (0 00)=0,0<2,(002)=0, rE (x @ 0) and (W KOSW =D), 
(ii) c<a,roy<Kucand(y<z>20z<Kx0ey), 

(iti) Wo ZKW,WKW and(WCZSW «KzZ). 


DEFINITION 2.4. [18] Let V be a universal set. A neutrosophic subset (NS) 
X of V is an object having the following form X = {(x, Tx (x), Ix («), Fx (x)) 
ja € V}, or X : V = [0,1] x [0, 1] x [0, 1] which is characterized by a truth- 
membership function Tx, an indeterminacy-membership function Ix and 
a falsity-membership function Fx. There is no restriction on the sum of 
Tx (x), Ix(x) and Fx (x). 


From now on, V z,y € [0,1], consider Tyyin(z,y) = min{z,y} and 
Smax(2,y) = max{x,y} as triangular norm and triangular conorm, re- 
spectively. 


DEFINITION 2.5. [12] Let (X,0,0) be a hyper BC’K-algebra. A single- 
valued neutrosophic subset A = (T'4, I4, F'4) of X is called a single-valued 
neutrosophic hyper BC K-ideal, if V x,y € X it satisfies the following 
properties: 

(FH1) «<y = Ta(2) 2 Ta(y), La(@) 2 La(y) and Fa(z) < Fa(y), 


(FH2) Ta(x) > Tnin{Ta(y), \(La(wo y))},La(@) = Tinin {La(y), \(La(@ 
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g y))} an 
) 


Fa(a < a y, \V (Falco y))}. 


3. Single-valued neutrosophic hyper 
BC K-subalgebras 


In this section, we make the concept of single-valued neutrosophic hyper 
BCK-subalgebras as an extension of fuzzy hyper BC K-subalgebras and 
seek some of their properties. 

From now on, consider (X, @) as a hyper BC’ K-subalgebra. 


DEFINITION 3.1. A single-valued neutrosophic subset A = (Tu, Ia, Fa) 
of (X, @) is called a single-valued neutrosophic hyper BC K-subalgebra of 
(X, 0,0), if 


(i) \@al@ 0 y)) = Trnin(La(x), Ta(y)); 
(ii) Vale 0 y)) S Smaz(La(2), Ta(y)); 


(iii) V (Fala 0Y)) S Smaz(Fa(x), Fa(y)). 
THEOREM 3.2. Let A = (Ta, 1a, Fa) be a single-valued neutrosophic hyper 
BCK-subalgebra of (X, 0,0). Then 

(i) Ta(0) 2 Ta(2); 


(ii) (Lala @ 0)) = Ta(a); 
(iii) \(Ta(O @ x)) = Ta(0); 


PROOF: (i) Let xe X. Since 0€ 2 o x, we get that T4(0)> A (Lala 0x))> 
Tmin(Ta(x), Ta(x)) = Ta(2). 
(it) Let x € X. Since x € x g 0, we get that T4(x) > (Cala 0 0))> 


Tmin(Ta(x), T4(0)) = Ta(x). So (fala 0 0)) = Ta(a). 
(iit) Immediate by Theorem 2.3. 
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THEOREM 3.3. Let A = (Ta,1a, Fa) be a single-valued neutrosophic hyper 
BCK-subalgebra of X. Then 


(2) La(0) < I(x); 
(i) \/(La(@ @ 0)) = I(x); 
(iii) \J(a(0 @ x) = La(0); 


PROOF: (i) Let x € X. Since 0 € x ox, we get that [4(0) < Vala ox))< 
Smax(La(x), I4(x)) > Fa(z). 
(it) Let « € X. Since x € x @ 0, we get that I4(x) < Vala o0))< 
Smax(Ia(x), I4(0)) = I4(z). So \f(Za(@ @ 0)) = Ia(a). 
(iii) Immediate by Theorem 2.3. 


CorROLLARY 3.4. Let A = (T4,I4,F'4) be a single-valued neutrosophic 
hyper BC K-subalgebra of (X, 0,0). Then 


(i) F4(0) < Fa(a); 
(72) VV (Fala 0 0)) = Fa(z); 


(iit) \/(FaO @ x)) = Fa(0); 
(iv) Tmin(Ta(x), 1a (0), Fa(0)) < Tmin(Ta(0), L4(z), Fa(x)). 


THEOREM 3.5. Let0 ¢ X #0. Then X converted to a hyper BC’ K -algebra 
(X', 0,0)(X’ = X U{0}) with at least a single-valued neutrosophic hyper 
BCK-subalgebra. 


Proor: Let z,y € X’. Define “0” on X’ by0 oy =0,2 02= {0,r}(a F 
0), else x go y = a. Clearly (X', 0,0) is a hyper BC K-algebra. Now, it 
is easy to see that every single-valued neutrosophic set A = (Ty, Ia, Fa) 
that T4(0) = 1,24(0) = F4(0) = 0, is a single-valued neutrosophic hyper 
BCK-subalgebra of X’. 


Let SVNh = {A = (Ta,14, Fa) | A}, whence X is a hyper BCK- 
algebra, A is a single-valued neutrosophic hyper BC’ K-subalgebra of X 
and |X| > 1. 
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COROLLARY 3.6. Let X #(. Then X can be extended to a hyper BCK- 
algebra that |SVNh| = |R|. 


ProoF: Let |X| = 1. Then (X,o,x) is a hyper BC K-algebra such that 
x @ x =X. Then for a single-valued neutrosophic set A = (T4, Ia, Fa) by 
Ta(x) = I4(a) = F(x) = a is a single-valued neutrosophic hyper BC'K- 
subalgebra of X where a € [0,1]. If |X| > 2, then by Theorem 3.5, define 
A= (T4,,14,, Fa.) by 


Ts, (a) 1, if r=0, Pete) 0, if «=0, 
vt) = es alt) = . 
=e a, if «40 - a, if «40 


0, if c=0, : 
and F'4, (x) = {° a F Obviously, A = (T4,,Ia,, Fa.) a single- 


valued neutrosophic hyper BC K-subalgebra of X and so |SVNh| = |[0, 1]]. 


Let X be a hyper BC'K-algebra, A = (Ta, Ia, F'4) a single-valued neu- 
trosophic hyper BC K-subalgebra of X and a,(,y € [0, 1]. Define TY = 
{a € X | Ta(a) > a}, 14 = {ew € X | Ia(a) < 6}, FJ = {xe X | Fala) < 
y} and A(™8:7) = {2 € X | Ta(x) > a, 14(x) < B, Fa(z) < 4}. 


THEOREM 3.7. Let A = (T4,1,, F's) be a single-valued neutrosophic hyper 
BCK-subalgebra of X. Then 


(i) 0€ AON = TEN Fn FY, 
(ii) ASF) is a hyper BCK-subalgebra of X, 
(iv) if0<a<al <1, then TY CTY, 1% D 1% and FY D FY. 


Proor: (i) Clearly A‘%:7) = A* 7 A’ AY and by Theorems 3.2, 3.3, 
and Corollary 3.4, we get that 0 € A‘~?”), 

(it) Let ey € TY. Then Tirin(Ta(2),Ta(y)) > a. Now, for any z € 
xoy,Ta(z) > Tmin(Ta(e 0 y)) > Tmin(La(x), Ta(y)) > a. Hence z € TY 
and soz gy CT. In similar a way x,y € re AN F4, implies that x 9 y C 
(78 A FY). Then A‘~4:7) is a hyper BC K-subalgebra of X. 

(itt) Immediate. 
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COROLLARY 3.8. Let A = (T4,J4,F4) be a single-valued neutrosophic 
hyper BC’K-subalgebra of X. If 0 <a <a! <1, then A(¢-%™ is a hyper 
BCK-subalgebra of A(@>®), 


Let X be a hyper BC’ K-algebra, S be a hyper BC K-subalgebra of X 
and a, a’, 6,8’, 7,7’ € [0, 1]. Define 


a,a’ ss if ke g a if y] 
TEM ey aor BPE NPR) = ee and 
a, ifa¢€S, B, ifa¢€S, 


' ae: 
pe (x) eae E cage . Thus we have the following theorem. 
y ifa¢€S, 


THEOREM 3.9. Let X be a hyper BC K-algebra and S be a hyper BCK- 
subalgebra of X. Then 
(2) aed is a fuzzy hyper BCK -subalgebra of X. 


(iz) 76-6! is a fuzzy hyper BCK -subalgebra of X. 
(tit) Fe! is a fuzzy hyper BCK-subalgebra of X. 


(iv) A = (rie), 718.21 pley'ly is a single-valued neutrosophic hyper 
BCK-subalgebra of X. 


ProoF: (i) Let z,y € X. If x,y € S, since S is a hyper subalgebra of X, 
we get that x 90 y CS and so 


Kee eens Ie Sse Ste CP), FO). 


If (a € S and y € S) or (a ¢ S and y € S) or («& ¢ S and y ¢ S) then 
ATE @ 0) € {o,0°}. Thus ATE @ y)) = Tuin(T!@), 
rie ‘i Vey )) and so re “lisa fuzzy hyper BC K-subalgebra of X. 

(iz), (4i¢) Are similar to (2). 

(iv) Let z,y € X. If a,y € S, since S is a hyper BC K-subalgebra 
of X, we get that x @ y C S and so VG oy))< Vr? (8) 
a! < Swnax(L? (a), TPP (yy). Tf (@ € S and y ¢ S) or (x ¢ S and 
y € S) or (w@ ¢ S and y ¢ S) ) then \V 1"(a 9 y)) € {8,6’}. Thus 
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Vrele ey)< Sinan (12 (x), aalen)y In similar a way, can see 
that VFI (a 0 y)) < Smax(FY (x), FY (y)) an by item (i), A = 


(rie, 18.6) ply’) is a single-valued neutrosophic hyper BC K-subal- 
gebra of X. 


4. Single-valued neutrosophic hyper BC'K-ideals of 
hyper BC K-algebras 


In this section, we extended any given nonempty set to a hyper BCK- 
algebra with at least a single-valued neutrosophic hyper BC'K-ideal and 
investigate their properties. Also, single-valued neutrosophic hyper BC K- 
ideals are converted to hyper BC'K-ideal via valued cuts. The homomor- 
phisms play the main role in the extension of single-valued neutrosophic 
hyper BC'K-ideals and consequently in the extension of hyper BC’ K-ideals. 
A fundamental relation is applied to generate single-valued neutrosophic 
BCK-ideals from single-valued neutrosophic hyper BC'K-ideal and so it is 
considered their properties of via related diagrams. We consider the (weak 
commutative ) hyper BC K-algebras and define a regular equivalence re- 
lation on any given hyper BC'K-algebras via single-valued neutrosophic 
hyper BC’K-ideals and prove some isomorphism theorems in this regard, 
that is the major contribution of this section. 

Throughout this work, we denote hyper BC'K-algebra (X, 0,0) by X. 


PROPOSITION 4.1. Let (X,0,0) be a hyper BC K-algebra and A = 
(T4, 14, F4) be a single-valued neutrosophic hyper BC K-ideal. Then 


Smaa(Ta(0), I,(0), Fa(2)) 2 Sriae (Lala), Ia(a), F4(0)). 


PROoF: Immediate by definition. 


THEOREM 4.2. Let 0 € X be an arbitrary set. Then X extended to a hy- 
per BC K-algebra (X, 0,0) with at least a single-valued neutrosophic hyper 
BCK-ideal. 


ProoF: Let z,y € X. Define “ 0”on X by Theorem 3.5. Clearly, (X, @ , 0) 
is a hyper BC K-algebra. Let A = (Ta, 14, F'4) be a single-valued neutro- 
sophic set, where A(0) = (1,1,0) and x,y € X, then F4(0) =0 < Fa(y). 
If # y, then 
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F(x) < Smax(Fa(y), Pa(2)) = Smax(Fa(y), \V(Fa(xe y)))- 


If0 Ax =y, then 


F(x) < Smax(Fa(y), Fa(2)) = Smax(Fa(y), \V(Fa(we y)))- 
In similar a way, 
Vv LYE X,T (x) 2 Tmin(Ta(y), Ta(2)) =Tmin(Ta(y), \(La(we y))) 


and I(x) > Tmin(La(y), La(x)) = Tmin(La(y), \(a(ae y))). Therefore, 
A is a single-valued neutrosophic hyper BC K-ideal. 


Let (X, 0,0) be a hyper BC K-algebra which is defined in Theorem 4.2 
and 


SVNhi = {p | pis a single-valued 
neutrosophic hyper BCK-ideal on(X, o, 0)}, 
then we have the following result. 


CoROLLARY 4.3. Let (X, 0,0) be a hyper BC K-algebra. If |X| > 1, then 
|SVNhi| = |RI. 


Example 4.4. Let X = {—1,—2,—3,—4,—-5} C Z. Then (X,o0 ,-1) isa 
hyper BC’K-algebra as follows: 


i i = -3 —4 —5 


SE talp aol} {—1} 11} {—1} 
2} {-2} {-1,-2} {2} {—2} {—2} 
—3 | {-3} {—-3} {-1,—3} {-3} {—3} 
mee ay ee sg hap 414) 
—5 | {-5} {-5} {—5} {—5} {-1,—5} 


1 1 
Define A: X — [0,1]® by Ta(x) = I4(x) = — and Fa(x) = —. It is 
—2 i 


easy to see that A = (T4,I4, F4) is a single-valued neutrosophic hyper 
BC K-ideal. 


THEOREM 4.5. Let (X, 0,0) be a hyper BCK-algebra and A = (T, Ia, Fa) 
be a single-valued neutrosophic hyper BC K-ideal of X. ThenV x,y © X 
and Y,ZC xX: 
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(i) if ¥Y « Z, then A 2 € Z such that Tmin(\/(Ta(Y)), V(La(¥))) = 
Tmin(Ta(z),La(z)) and ek < Fa(z); 
(ii) of Y < Z, then Tmin( Le ¥)),\/ Ga@)) > Taal Na Zye\ 
(La(Z))) and \/(Fa(Z on (Fa(Y)); 
(itt) Trin(Ta(x),Ia(2)) < om y),\J(La(ao y)) and Fa(x) > 
\(Fa(ze ))- 


(iv) Tin (Pa(e), a(x)) < Tinin(\(La(wo y), \(La(we y)) and Fa(x) > 
\V(Fa(ve 9). 


ProoF: (i) Since Y < Z, Vy € Y, dz € Z such that y < z. Hence 
VV (La(¥)) = Ta(y) = Ta(z). In similar a way, \/(La(Y)) > La(y) = La(2) 
and so Tmin(\/(Ta(¥)),\V(Za(¥))) = Tmin(Ta(2), La(z)). In addition, 
VyeY,42€Z such that \(Fa(Y)) < Fa(y) < Fa(2). 

(it) Let Y < Z. Then V y € Y, 3 z € Z such that y < z, so Ta(y) 
Ta(z),La(y) > La(z) and Fa(y) < Fa(z). It follows that Vi (Ta(Y)) 
Tay) = Ta(z) > A(Ta(Z)), Va) = - ) = Tale) = Aa) 
and \/(Fa(Z)) > Fa(z) > Fa(y) > A\(Fa(¥)). Hence . “4(Y)), 
Va(v))) = ae ran ))) and i F4(Z)) > \(Fal¥)). 

(itt) By Theorem 2.3, xg y < x. Then by (iz), we that Ta(a) < 
\V Ta (xo y), La(a )< (tal xo y)) and F(a )> A\(Fal LO Y)). 

(iv) By a 2.3, voy<wa. Then Vt € (xo y),t <x, we get that 
Ta(t) > Ta(x), so A Tal xo y) > Ta(a) and similar a way Nines y= 
I4(x) is ce Also xo y < « implies that V t € (xo y),t < x so 
Fa(t) < Fa(a). Thus \/(Fa(xe y)) < Fa(2). 


ea 
2 


WN 


COROLLARY 4.6. Let (X, 0,0) be a hyper BC’ K-algebra and A be a single- 
valued neutrosophic hyper BC’ K-ideal of X. Then V x2,y € X and Y,Z Cc 


X, get Tmin(\/(Ta(¥ @Z)),\/LalY @ Z))) > Tmin((\(Pa(¥)), \(a(¥))) 
and \/(Fa(Y)) > A\(Fal¥ @ Z)). 
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Let a, 8,7 € [0, 1] and A = (Ty, I, F'4) be asingle-valued neutrosophic 
hyper BCK-ideal of X. Define AL™8:7] = TM ANIM FO, where T™ = 
{x € X | Ta(x) > a}, I = {x € X | In(x) > B} and F™ = {2 € 
X | Fa(x) < 4}. 


THEOREM 4.7. neutrosophic hyper BC'K-ideal is a single-valued neutro- 
sophic hyper BC K-ideal. Let (X,0,0) be a hyper BCK-algebra and A = 
(T4,la,Fa) be : ae valued neutrosophic hyper BC'K-ideal of X such 
that T® [FY £0. ThenV x,y,z € X: 


(i) 0€ Alsénl, 
(it) ify € Ale? anda < y, then x € Al67I ; 


(tit) (yo z) <x implies that Ta(y) > Trin(Ta(z), Ta(2)), La(y) > Tmin( 
Ta(z),La(2)), Fay) < Smax(Fa(z); Fa(2)); 


(iv) Al~8:7! is a hyper BCK-ideal of X. 


Proor: (i) There exists c € Al™9:7J such that T4(x) > a,I4(x) > B 
and F'4(x) < y. By Corollary 4.1, T4(0) > T4(«), [4(0) > I4(x), Fa(0) < 
F(x), conclude that 0 € Al, 
(it) Since x < y, by definition, we get that T(x) > Ta(y),Ia(x) > 
Ta(y) and Fa(x) < Fa(y). Now, y € Al™-7J implies that 2 € Al™.71, 
(itt) (yo z) < x implies that 0 € (ye z)@ x, then by Theorem 4.5, 
we get that T(x) < /\(Ta(ye z)), La(w) < /\(ULa(ye 2) and Fa(x) > 


V(E ‘a(yo z)). Now, A is a single-valued neutrosophic hyper BC'K-ideal so 
Ta(y) > Train(La(z), A(La(yo 2))) = Tmin(Ta(z), Ta(z)) 
Ta(y) > Trin(La(z), \(La(yo 2))) = Tinin (La (2), La(2)) 
Fa(y) < Smax(Fa(z), VV (Faye z))) S Smaz (F(z), Fa(2)). 


(iv) Let z,y € X,20 y < Al™F7 and y € A(47, Then Ta(y) > 
a,la(y) > 6, Fa(y) <7 and by Theorem 4.5, 


(falco y)) =a, (\Ualae y)) > B and VV (Falco y)) <7. Hence 
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T(x) > Tmin(Ta(y), \(La(we y))) = Tmin(a, a) = 
T4(x) > Tmin(La(y), \(1a(we y))) > Tmin(B, B) = 8 
Fa(x) < Smax(Fa(y), \/(Fa(xe Y))) = Smax(7, 7) = 7: 


Therefore, x € Al%8:7! and so Al:7! is a hyper BC K-ideal. 


Let (X, 0,0) be a hyper BC'K-algebra. A map f : X > X is called a 
homomorphism, if f(0) = 0 and V x,y € X, f(xoy) = f(x)of(y). If f be 
an onto homomorphism and A = (T'4, I, F'4) a single-valued neutrosophic 
subset of X. Define Ay = (T4,,Ja,,Fa,) by 


Ax(a) = (Lal f(a), La(f(@)), Fa(f (x). 
Thus, have the following theorem. 


THEOREM 4.8. Let (X,0,0) be a hyper BCK-algebra. Then the single- 
valued neutrosophic set A = (T4,Ia, Fa), is a single-valued neutrosophic 
hyper BCK -ideal of X if and only if Ay = (Ta,,la;, Fa,) 18 a single-valued 
neutrosophic hyper BC'K -ideal of X. 


ProoF: Let A = (T4, Ia, F'4) be asingle-valued neutrosophic hyper BCK- 
ideal of X and x € X. Then 


Pay (0) = Ta( (0) = TAO) > FoF) = ay) 
Ta, (0) = La(f(0)) = Ia(0) 2 (x)) = Ia, (x 
F'g, (0) = Fa(f(0)) = Fa(0) < Fa(f(2)) = i) 

and V z,yE X, 

Ta,(y)=Ta(fy)) > Tmin(La(f(x)), \(faf ye f(@)))) 
= Tmin(Ta(f(x)), \(La(f(ye @))) 
Tmin(La, (x), \ (Ta; (ye 2))). 
In similar a way, Ia,(y) > Trin (Ia, (2), \(La;(ye x))) and F4,(y) < 


Smiaa(Fa, (x), \/ (Fa, (yo 2))) are obtained. Hence Ay = (Ta,,14,,Fa,) 
is a single-valued neutrosophic hyper BC'K-ideal of X. 
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Conversely, assume that Ag = (Ta,,l4,,F;) is a single-valued neu- 
trosophic hyper BC'K-ideal of X and y € X. Since f is onto, Ja € X such 
that f(x) = y. Then 


Ta(0) = Ta(f(0)) = Ta, (0) 2 ee xv) = Ta(y) 
I4(0) = Ia(f(0)) = La, (0) = La, (@) = Laly 
F'4(0) = Fa(f(0)) = Fa, (0) S 2 (x) = Fa(y). 

Let x,y € X. Then there exists a,b € X such that f(a) =x and f(b) = y. 

Hence we get that 


Ta(y) = Ta(f(b)) = Ta, (6) 


= Tmin(Ta(f(a)), \(Ta(f (be @)))) 
( 


In similar a way, can see that I4(y) > Tnin(la(a AC Ta(yo x)) and 


Fa(y) < Smae(Fa(x),\/(Falye ©)). Therefore A = (Ta, Ia, os is a 
single-valued neutrosophic hyper BC'K-ideal of X. 
THEOREM 4.9. Let (X, 0,0) be a hyper BC K-algebra, A = (Ta, Ia, Fa) be 
a single-valued neutrosophic hyper BC'K-ideal of X and f : X > X bea 
homomorphism, 
G@) if @ € ker(f); then Vy € X,Tin(T4,(%),14,(@)) = 
Tmin(L'a(y),La(y)) and Fa, (x) < Fa(y). 
(it) af at least one of Ta or I, or F'4 is one to one, then ker(f) is a hyper 
BCK-ideal. 
(iii) if a € X such that A(x) = (1,1,0), then Ago) = {2 € X | Ta(x) = 
I(x) = 1, F(x) = 0} ts a hyper BCK-ideal in X. 


(iv) Aco.) is a single-valued neutrosophic hyper BCK -ideal in X. 
PROOF: (7) Let x € ker(f). Then, T,, (x) = Ta(f(x)) = Ta(O), Ia, (z) = 
Ia(f(a)) = I4(0) and Fa,(z) = Falf(z)) = Fa(0). Thus Vy € X, 
Ta, (x) > Ta(y), La, (x) > Ta(y) and Fa, (x) < Fa(y). 
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(it) Clearly 0 € ker(f). Let y € ker(f) and zo y « ker(f), where x, y € 
X. Then Ta,(y) = Ta(0),Ja,(y) = Ia(0),Fa,(y) = Fa(0), 


/|\(La, (we y)) = Ta(0), \(La, (we y)) = L4(0) and \/ (Fa, (xo 
y)) = F(0) So 


Ta, (2) > Tmin(Ta,(y), \(Ta; (20 y))) = Tmin(Ta(O), Ta(0)) = Ta(0) 
I4,(@) > Tmin(La,(y), \(La, (we y))) = Tin (La (0), L4(0)) = La(0) 
Fa, (a x) < Smaz(Fa,(y);\f (Fa, (wo Y))) = Smax(F'a(0), F4(0)) = Fa(0). 


Hence T4,(x) = T(0), La, (x) = Ta(0) and Fa,(x) = F4(0). If if at least 
one of T4 or I, or F'4 is a one to one map, then x € ker( 

(itt) Since there exists x € X such that A(x) = (1, 1.0), we get that 
Le T(x) < T4(0),1 — I4(a) < I,(0) and 0 = Fa(ax ) >F ‘4 (0 ). Hence 
T(0) = I4(0) = 1, F4(0) = 0 and so 0 € A(z). Now, let y € A(i.o) and 
ro y < Ajo), where x,y € X. Then, Ta(y) = Ty) = 1,Fa(y) = 0, 


(\(La(we y)) = \Ua(ae y)) = 1 and \/(Fa(ze y)) = 0. So 
TAQ) > Trin Tas \Ca@e *))) = Trin (1) 1 
I4(2) > Tmin(La(y), /\(Ea(ae y))) = Trin (1,1) = 1 
F4(a) < Smax(Fa(y), \V(Fa(xe y))) = Smax(0,0) = 0. 


Hence T'4(x) = I4(x) = 1, Fa(x) = 0 and so x € A(z). 


(iv) Since Aigo) = X, then the proof is clear. 


THEOREM 4.10. Let (X, 0,0) be a hyper BC K-algebra, I be a hyper BCK- 
ideal and A = (Ta,JIa, Fa), A’ = (Tar, Lar, Far) be single-valued neutro- 
sophic hyper BC K-ideals of X. Then 
(2) XA = {x EX | Ta(x) = T4(0), La(az) = I4(0), Fa(x) = F4(0)} is a 
hyper BC K-ideal of X; 


(it) if A’(0) = A(0), then X40 X4 = U (a’o a), is a hyper BCK- 


aEX gr 
ac€Xa, 
ideal; 
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(tit) X,4 is a hyper BCK-ideal of X40 Xa’; 
(iv) if A is restricted to I, then A is a single-valued neutrosophic hyper 
BCK-uideal of I. 


PrRooF: (i) Let x,y € X such that ro y < X,4 and y € Xy. Then 
Ta(y) = Ta(0),Ia(y) = Ia(0),Fa(y) = Fa(0), \(falwe y)) = Ta(0), 
(\a(we y)) = La(0) and \/(Fa(we y)) = Fa(0), So Ta(x) = Tinin{Ta(y), 
(A (Cale y))} = Ta), La(@) = Tnin{Za(y), \(Za(wo y))} = La(0) and 


Fa(2) < Smaz{Fa(y), \/(Fa(ze y))} = Fa(0). So Ta(x) = Ta(0), Ta(x) = 
I4(0), F(x) = F4(0), hence « € X4 and Xy is a hyper BC'K-ideal. 

(it) Clearly 0 € X40 X4. Let t,t’ € X such that ot < X40 X, and 
t € X40 X,. Then there exist a’ € X4 anda € X, such that t€ a’oa 
so by Theorem 4.5, 


T(t) > A\@A(a'e a)) = Tha’) = 74 (0), 4) > A4(@'e a) 
> Ty(a’) = 14 (0) Fa(t) < \V(FA(a'0 @)) < Fa(a’) = F4(0) 
and so 
TAC) 2 Trl T. \ Cal 0D) = TranlTa@), 140) 
1, (#’) > Tmin(La); Aa @e #))) = Trin (Ea), £4(0)) 
F4(H) < Smax(Fa(t), \(Fa(t'e t))) > Smax(F4(t), F4(0)). 


Hence t! € X4 and sot!’ € 00 C Xyo X4. Therefore X40 X, is a 
hyper BC’ Kk-ideal in X. 
(iti) Let « € X,4. Since x € xo 0, we get that x € X4 C Xyo Xa’ and 
by (i), X4 is a hyper BC'K-ideal of X4o Xa:. 
(iv) The proof is clear. 


Let X be a hyper BC K-algebra and 2,y € X. Then rBy & dn € 
N,(a1,...,@n) € X” and du € o(aj,...,a,) such that {x,y} C u. The 
relation (3 is a reflexive and symmetric relation, but not transitive relation. 
Let C(8) be the transitive closure of 8 (the smallest transitive relation 
such that contains 6). Hamidi, et.al in [1], proved that for any given weak 
commutative hyper BC’K-algebra X, C(3) is a strongly regular relation 
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on X and (X/C Ae ,0) is a BCK-algebra, where C(8)(x)3 C(8)(y) = 
C(8)(@ @ y) and 0 = C(B)(0). 


THEOREM 4.11. Let (X, 0,0) be a hyper BCK-algebra. If A = (Ta, Ia, Fa) 
is a single-valued neutrosophic hyper BC'K -ideal of X, then there exists a 
single-valued neutrosophic hyper BC K -ideal A = (Ta, Ia, Fa) of (X/C(), 
0,0) such that 2, y € X, 

(1) A) > A(C(B)(2)); _ 
(tt) Ta(C(B)(y)) = Tmin(L'a(C(8)(@), ( 
(it) Ta(C(B)(W)) > Train Ta(C(8)(2), \ (TaCO(C()(W) 
(iv) Fa(C()(y)) < Smax(Fa(C(8)(2), \ (Fa(o(C( 


Proor: (i) We define A : X/C(8) > [0, 1]* by (La(C(8)(4), La(C(B)(), 

Fa(C(ay(t))) =( Yo Tala), Yo Lal), Fa()), where x,t € 
t C(8) « t C(8) x t C(B) & 

X. Consider the following diagram: 


Ta Ia Fa 


<=" Gi, 2 son, eo 
X/C(6) X/C(6) X/C(6) 


Firstly we show that A is well-defined. Let t,t/,2 € X and C(6)(t) = 
C(B)(t’). Then t C(8) t! and 


x C(B) t xz C(B) t 

TA(C(A)@)) = Yolu@= Yo Isle) =Ta(C(A)(e)) 
xz C(B) t x C(B) t 

Fa(c(ay))= A Fa@)= A Fae) = Fa(C(6)(¢)). 
xz C(B) t x C(B) t 


In addition, V x,t € X , we get that 
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Ta(C(8)(0))= Vo Palt)=Ta(0)> Yo Tat) = Ta(C(8)(2)) 
t C(B) 0 t C(B) x 

TaA(C(8)(0))= Yo Talt)=La00) > YY La) = TA(C()(2)) 
t C(B) 0 t C(B) x 

Fa(C(8)0))= A Fal) =Fal0)< A Falt) = Fa(C(8)(2)). 
t C(B) 0 t C(B) x 


(ii) Let x,y € X. Since V t € C(8)(y) and V t’ € C(6)(x), 


t C(B) y 
| Falt) S$ Fa(t) < Smax(Fa(t’), \(Fa(te t’))) 
t C(B) y 


we get that 


Ta(C(8)(y)) = Yo Talt) 
tc(B)y 
> Vo Gmina’), \CaGe?)) 


t'EC(B)(x) 
t C(B) y 


= Da NE ae. | (Lalte t’))) 
vEC(B)(x) t’EC(B)(x) teC(B)(y) 

Tan Nf Tae) \ \V (La(m)) 
t/EC(B) (a) mE 09(C(B)(y),C(B)(«)) 

> Tnin(Ta(C(8)(x), A Fa(9(C(8)(y), C(B)(2))))- 


IV 


(iti, iv) Similar to item (di), can see that 
Ta(C(8)(y)) = Tin La(C(8)(a), \(Za(9(C(8)(y), C(8)(a)))) and 
Fa(C(8)(y)) < Sina (Fa(C(8)(x), \J/ Fa(8(C(8)(y), C(8)(#)))). 


Let (Y, 0,0, x) bea BC K-algebra and B = (Tz, Ip, Fg) a single-valued 
neutrosophic subset of Y. Then B = (Tpg,Ip,Fg) is called a single- 
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valued neutrosophic BC K-ideal of Y, if (1);V a,y € Y,a x y > Ta(a) > 
Ta(y), La(x) = Ia(y) and Fa(x) < Fa(y), 

(2); Ta(x) = Tmin{Ta(y), Ta(vd y)},LA(@) = Tmin{La(y), La(2d y)} 
and F(z) < Smae{Faly), Fa(xd y)}. 


COROLLARY 4.12. Let (X, 0,0) be a weak commutative hyper BC K-al- 
gebra. If A = (T4,1I,4, Fa) is a single-valued neutrosophic hyper BC'K- 
ideal of X, then there exists a single-valued neutrosophic BC’ K-ideal B = 
(Tp, Ip, Fp) of BCK-algebra (X/C(8), 0,0), such that Tg om > T4,Ip 0 
a>TI,,and Fgpon < Fy. 


Proor: By Theorem 4.11, consider B = T,4. For any x € X, since xC(8)z, 
we get that (Tp om)(x) = Tp(C(8)(z)) = \f Ta(t) = Ta(2),(Upo 


Example 4.13. Let X = {0,b,c,d}. Then A = (Ty,I4,F4) is a single- 
valued neutrosophic hyper BC'K-subalgebra of hyper BC K-algebra 
(X, 0,0) as follows: 


BOM ORE OREO [oe 
b/ {0} {0} {0} {0} and F*) > Og 03 03 
ce }{e} {ef {0} {0} Fa | 01 015 0.25 0.25 


d | {d} {d} {ce} {0,¢} 


Clearly (X,0,A) is not weak commutative and T is a single-valued neu- 
trosophic hyper BC'K-ideal. Now we get that X/C(G) = {C(6)(0) = 


{0, c}, C(B)(b) = {b}, C(B)(@) = {a}}, 


0 | C(8)(0) C(B)(b) _C(B)(a) 
C(8)(0) | C(B)() ~C(B)(0) C(B)(0) 
C(8)(b) | C(B)(6) C(B)(0) C(B)(0) 
C(B)(d) | C(B)(@) C(B)(d) C(B)(0) 
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|_C(8)() C(B)(®)_C(8)(@) 


Ta, 1 0.9 0.3 
Ty 1 0.9 0.3 
Fa 0.1 0.25 0.25 


It is easy to see that (X/C(8),¥,C(8)(0), A) is a hyper BC K-algebra. 


DEFINITION 4.14. Let (X, 0,0) be a hyper BC'K-algebra and A = (Ty, 
I4, F'4) be a single-valued neutrosophic hyper BC K-ideal of X. For any 
x,y € X, define binary relations R™, R/4,R"4 on X as follows: 


eR™y  Ta(x) < Ta(y) and /\(Ta(o(a,y))) = Taly) 
eRl4y & I4(x) < Ia(y) and A\(La(o )>Ia(y) 
aRPay = F(a) > Fa(y) 
and \V(Fa(o(2,y))) < F,4(y) and R= RM R419 RFS, 
THEOREM 4.15. Let (X, 0,0) be a hyper BC K-algebra, A = (Ta, Ia, Fa) 
be a single-valued neutrosophic hyper BC K-ideal of X and x,y € X. 
(i) R is an equivalence relation on X. 


(it) if A is one to one and «Ry, thenV z € X we have (xe z)R(ye z) 
and (zo x)R(zo y). 


(iti) if A is one to one, xRy and uRw then (xo u)R(ye w) Vu,we X. 
PROOF: (i) By Theorem 4.5, T(x) < Nt Ta(xo@x)), L(x) < VVC I,(xo2)), 


F(x) > /\(Falxe x)) and so R is a reflexive relation. Let x,y € X 
such that «Ry. Then Ta(x) < Ta(y),la(x) < Ia(y), Fa(a ‘ = Se 


A(falolz,y))) = Tay), \(Ea(ol,y))) = Lay) and \V(Fa(o(z,y))) < 
Fa(y). Since 


Ta(a) > Tmin(Ta(y), \(La(wo y))) = Tmin(Ta(y), Ta(y)) = Tay) 
T(x) > Tmin(Za(y), \(Za(2e y))) = Tinin (La(y), La(y)) = Lay) 
Fa(2) < Smmax(Fa(y), \/(Fa(ze y))) S Smaz(Fa(y), Faly)) = Fa(y) 


Ta(y), Fa(x) = Fa(y). Using Theorem 
), \(Ua(ye 2)) > La(y) = Ia(x) and 


we get that T(x) = ok A(Z) = 
4.5, \ (Taye 2)) > Taly) = Tala 
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VV (Faye £)) < Fa(y) = Fa(z) so R is a symmetric relation. Let rRy 
and yRz. Then T4(x) = Ta(y) = Ta(z), La(x) = La(y) = La(z), Fa(x) = 
F(y) = Fa(z) and clearly R is a transitive relation. 

(it) Let «Ry and z € X. Then by (i), Ta(x) = Ta(y), La(2) 
Ta(y), Fa(x) = Fa(y) and since A is a one to one map, we have x = y. 
Hence there exists a € xg z and y € yo z such that T,(a) < T,4(b), 


/\\(falae b)) > Ta(b), La(a) < T4(), \(a(ae b)) > I,(b) and F(a) 
Fa(b),\/(Fa(a0e b)) < F4(b). Therefore (xo z)R(yo z) and in a similar 
way get that (zo x)R(zo y). 

(itt) Let eRy and uRw. Then by (iz), (vo u) R(ye uw) and (ye u) R(ye w). 
Using the transitivity of R, we get that (xe u)R(yo w). 


I 


IV 


COROLLARY 4.16. Let (X,0,0) be a hyper BCK-algebra and A = 
(T4,l4,F 4) be a single-valued neutrosophic hyper BC’K-ideal of X and 
x,yEeX. 

(i) if A is one to one, then R is a congruence relation on X; 

(it) R(O) = X4 and if A is one to one, then R(0) = {0}; 

(iii) if A is one to one, then R is a strongly regular relation on X. 


ProoF: (i) Immediate by Theorem 4.15. 

(it) Let « € R(O). Then by Theorem 4.15, Ta(a) = T4(0),La(x) = 
I4(0), Fa(x) = F4(0) and so R(O) = X,4. Since A is one to one, we get 
that X4 = {x | Ta(x) = Ta(0), a(x) = L4(0), Fa(x) = Fa(0)} = {0}. 

(iii) Let x,y,z © X andxwRy. Then x = yand so xo z = yo z. Therefore 


(xo z)R(ye z),(zo x)R(zo y) and so R is a strongly regular relation. 


THEOREM 4.17. Let (X, 0,0) be a (weak commutative ) hyper BC'K -algebra 
and A = (T4,I4,F) be a one to one single-valued neutrosophic hyper 
BCK-ideal of X. Then, (X/R, 0’, R(0)) is a( BC K-algebra) hyper BCK- 
algebra such that V x,y € X, R(x)o'R(y) = R(zxo y). 


ProoF: By Corollary 4.16, 0’ is well-defined and the proof is straightfor- 
ward. 


THEOREM 4.18. Let (X, 01,0) and (Y, 2,0’) be (weak commutative ) hyper 
BCK-algebras and A = (T4,I4, Fa) be a one to one single-valued neutro- 
sophic hyper BC K-ideal of Y. If f : X + Y is an epimorphism, then 


(i) Ay ts a single-valued neutrosophic hyper BC K-ideal of X; 
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(ii) X/Ryp = Y/R such that eRe’ > Ta(f(x)) < Ta(f(2’)), Ta(f( 
Ta(f(2')), Fa(f(@)) = Fa(f(2’)), A(Ta(f (wo @’))) > Tate’) 
(Aalf(we #'))) = La(f(a')) and \V/(Fa(f(we 2’) < Fa(f(e')), 


where x,xv' € X. 


PROOF: (7) Clearly for all x € X, Ty,(0) = Ta(f(0)) = Ta(0') = 
Ta(f(x)) = Ta,(«),14,(0) = Ia(f)) = IanO!) > La(f(x)) = La, (2) 
and F'4,(0) = Fa(f(0)) = Fa(0’) < Fa(f(x)) = Fa,(x). Let 2,2’ € X. 
Since A is a single-valued neutrosophic hyper BC K-ideal of Y, we get that 
Ta,(x)=Ta(f(z)) > Tmin{Ta(F(2')), \Tat @)aTalf(e’)))} 

= Tmin{Ta(f(2'), \(Ta(F(werz')))} 

= Tmin{Ta,(2’), \(Ca,(wei2’))}. 
In similar a way, can see that I4,(2) > Tmin{La,(2’), rene (xo1x'))} and 


Ia, (x) < Sina t Ag (x’), Vv 
(Fa, (cors"))}. 

(ii) Since T4 and T,4, are single-valued neutrosophic hyper BC K- 
ideals of Y, X, respectively, then by Theorem 4.17, (X/Ry, 0’, R7(0)) and 
(Y/R, 0’, R(0’)) are (BC K-algebras) hyper BC K-algebras. Now, define a 
map y: X/Ry > Y/R by (Re (x)) = R(f(x)). Let x, 2’ € X. Then 


(RF (2)) y( RF (2'))  f(x)R™ f(z’) 
@ Ta(f(x)) <Ta(F(e’)), Aa @)e 2f(2’))) = Ta(f(e’)) 
< Ta,(x) <Ta,(2') and /\(Ta(f(xe12"))) = Ta(f(2’)) 
# Ta,(2) <Ta,(x') and /\(Ta,(we12")) > Ta, (c') 
& RY @ak(e). 


In similar a way, o(Ri4(z)) = o(R(c')) @ RiA(z) = RA(a’) and 
o(R;4 (2) = o( R74 (2’)) & RF (2) = REA '). It follows that y(Rp(x)) = 

p(Re(2’)) & Rela = R;(z’) aad hence y is a well-defined and one to one 
map. Clearly y is an epimorphism, and so it is an isomorphism. 
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CoROLLARY 4.19. (Isomorphism Theorem) Let (X, 0,0) be a hyper BCK- 
algebra and A = (Ty, Ia, F'4), A! = (14, I',, F,) be one to one single-valued 
neutrosophic hyper BC'K-ideals of X such that A(0) = A’(0). Then 

(i) A’ A is a single-valued neutrosophic hyper BC'K-ideal of X; 

(it) (X40Xa/)/Ra = Xa/Raina: 


PROOF: (i) Let « € X. Then 


( 

(Ly T4)(0) = Tin (Ta (0), Ta(0)) = Tin (Ls 
(Ti Ta) (x), La 9 La) (0) = Tinin (4 (0), La (0) 
Trin (La (a), La(@)) = (I 9 La) (a), (Fa 9 Fa)(0) 
= Smazx(F'4(0), Fa(0)) 

< Smac(F'4(2), Fa(2)) = (F429 Fa)(2). 

Let x,y € X. Then 


(T!, 1 Ta)() = Tin(T4(), Ta(a)) 
> Tmin(TminlTa(y), \(Ta(x0 9))],TninlTa(y), A (Calvo y))I 
= Tin(Fmin{T4(y),Ta(y)]s Tninl A (C4 (wo y)), \(Lalwo y))] 
= Tninl(TyTa)(y), \(L4 Ta) (wo 9))] 


In similar a way can see that (14,9 I4)(x) > Tmin[(14.NLa)(y), (aol) 


and (F), 0 F4)(2) < Smael(F% 9 Fa)(y),\Y (Fi, Fa). 

(it) By Theorem 4.10, A’ A is a single-valued neutrosophic hyper 
BCK-ideal of X4, then we define y : X4/Rana > (Xae Xa’)/Ra by 
p(Rana(£)) = Ra(a). Let v2, 2’ € X4 and Ranja(x) = Rama(2’). Then 
(A’ nM A)(x) = (A’ NM A)(2’) and since A’ 1M A is one to one, we get that 
x = 2’. Hence Ra(x) = Ra(a’). Moreover, y(Raina(z)o 'Rana(2’)) = 
p(Rana(xe x’)) = Ra(xo 2’) = Ra(x)o 'Ra(2’) and so ¢ is a homomor- 
phism. Clearly y is bijection and so is an isomorphism. 


Example 4.20. Let X = {0,1,2,3,4,5}. Then A = (T4, I, F'4) is a single- 
valued neutrosophic hyper BC’ K-subalgebra of X hyper BC K-algebra 
(X, 0,0) as follows: 
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Oer 4a 2 3 4 5 

{0} {O} {0} {0} {0} {0} 
(yo {0,1 tee. Au ad AT 
{0,2} {2} {2} {2} 
{3} {3} {3} {0,3} {3} {3} 
{4} {45 da} {4 -40;4). {0} 
{5} {5} {5} {5} {5} {0,5} 


and 


[:0--_ Hy 99 a 
Ta [0.72 0.61 054 034 027 0.19 
I, | 0.19 08 0.2 0.21 0.26 0.25 
F4 | 0.15 0.28 0.34 0.39 0.48 0.61 


(i) Ifa =0.5,6 = 0.7,7 = 04, then T® = {0,1,2}, 16 = {0,2,3, 4, 5}, 
FY = {0,1,2,3} and so A(:7) = {0,2}, which is a hyper BC’ K-subalgebra 
of (X, 0,0). 

(it) Consider S = {0,5}, a = 0.5,a’ = 0.7, 6 = 0.6, 6’ = 0.8, y = 0.85 
and 7 = 0.9. Then 


oRWNFR OR 
el 
i) 
mw 
el 
i) 
mw 


i'l — £(0,0.5), (1,0.7), (2, 0.7), (3, 0.7), (4, 0.7), (5, 0.5)} 
1'2- — £(0,0.6), (1, 0.8), (2, 0.8), (3, 0.8), (4, 0.8), (5, 0.6)} 
Fi7) — £(0,0.85), (1, 0.9), (2, 0.9), (3, 0.9), (4, 0.9), (5, 0.85)} 


are fuzzy hyper BC K-subalgebras of X and A = Cae 18.8) ply’) is 
a single-valued neutrosophic hyper BC’ K-subalgebra of X. 

(iit) Let a = 0.3, 8 = 0.1 and y = 0.5. Then AlL®?7) = TOY) 9 7) 4 
FO = {0,1,2,3} N {0,1,2,3,4,5} 9 {0,1,2,3,4} = {0,1,2,3}. Clearly 
2¢€ Al] and 0 < 2, then 0 € Al.71, 


Example 4.21. Let X = {0,1,2,3} and Y = {0',a,b,c}. Then A = 
(T4,l4,F a) is a single-valued neutrosophic hyper BC K-ideal of hyper 
BCK-algebra (X, e,0) as follows: 


o |0 1 2 3 oe a b c 

O | {0} {O}  {O} {0} OY | {O'} {07} = {OF} {OF} 
Pet OV ils tle a |{at} {O',a} {a} {a} 

2 | {2} {2} {0,2} {2} b | {b} {bd} {0',b} {dD} 

3 | {3} {3} {3} {0,3} oc | {ef} fe} {ce} {0c} 
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and 


ee oe ee 
Ta | 0.93 0.73 0.13 0.13 
I, | 0.87 0.67 0.1 0.05 
F, | 0.13 0.23 0.33 0.4 


(i) Define f : Y — X by f = {(0',0), (c,1), (0, 2), (a,3)}, clearly f is a 
homomorphism. Hence A, is a single-valued neutrosophic hyper BC K- 
ideal of hyper BC K-algebra (Y, 0’, 0’) that is obtained as follows: 


| 0 a b Cc 


Ta, | 9.93 0.13 0.13 0.73 
Ia, | 0.87 0.05 0.1 0.67 
F4, | 0.13 0.4 0.33 0.23 


ff. 


(ii) Computations show that R74 = {(z, 2), (2,3), (3,2) |c¢eX},R4 = 
{(z,x) | x € X},R¥4 ar heen lie Ky andae Rane) |e eI 
that is a congruence relation. It follows that Rr = {(z,x) | « € Y} and so 
X/R&X ZY ~Y/Ry. 

(itt) Clearly X 4 = R(0) = {0} and ker(f) = {0} that is a trivial (hyper) 
BCK-ideal. Also for all x € ker(f) and for all y © X, Tmin(T, (x), La, (@)) 
> Tnin (Tal); Ea(y))- 


Example 4.22. Let X = {0,1,2,3}. Then A = (Ty,l4,Fa) and A’ = 
(T4’,14, Fa’) are single-valued neutrosophic hyper BC K-ideals of hyper 
BCK-algebra (X, 0,0) as follows: 


Ea 3 0 ; : ; 
a a i io Ta | 0.95 0.85 0.25 0.25 
{2} {2} {0,2} {0} = 0.9 O08 O02 O12 
{3} {3} {3} {0} ‘4 {0.15 0.2 0.3 0.35 


WNnr Of 


and 


[0 1 2 3 
Ta | 0.95 0.75 0.15 0.15 
Iv | 0.9 0.7 0.1 0.05 
Fa | 0.15 0.25 0.35 0.4 
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Then 


ANA = AX,=Xa ={0},R™ = R™ = {(x,2), (2,3), (3, 2)|a € X}, 
Ri4 = Ria = {(x, 2), (2,3), (3,2) | 2 € X},R™4 = RP = 
{(a,2) | « € X} and so Ra = R™ NO R40 KR = Ry = 
Rta’ 9 R49 RFA’ = {(2,2) | 2 © X}. 


It follows that (X40X,4-) = {0} and so (X4o0Xy')/Ra = {0}/R4a & 
{0}/Rar = {0}/Ramna = Xa/Raina. 


5. Conclusion 


In some problems in the real world, there are many uncertainties (such as 
fuzziness, incompatibilities, and randomness), in an expert system, belief 
system, and information fusion, especially in some scopes of computer sci- 
ences such as artificial intelligence. Thus we need to deal with uncertain 
information and logic establishes the foundations for it, because computer 
sciences are based on classical logic. The concept of BC'K-algebra is one 
of the important logical algebras that are applied in computer sciences and 
other networking sciences. In addition, defects in classical algebras that 
can not work in groups and have limitations can be eliminated with the 
help of logical hyperalgebra. Thus the concept of hyper BC'K-algebra is 
an important logical hyperalgebra that is applied in the computer sciences 
and other hypernetworking sciences that some groups of elements must 
be operated together and have been proposed for semantical hypersystems 
of logical hypersystems. In addition in some applications such as expert 
systems, belief systems, and information fusion, we should consider not 
only the truth membership supported by the evidence but also the falsity- 
membership against the evidence, which is beyond the scope of fuzzy sub- 
sets. Thus the concept of a neutrosophic subset is a powerful general for- 
mal framework that generalizes the concept of the classic set and the fuzzy 
subset is characterized by a truth-membership function, an indeterminacy- 
membership function, and a falsity-membership function. This assump- 
tion is very important in a lot of situations such as information fusion 
when we try to combine the data from different sensors. In this paper, we 
consider the collectivity of logical (hyper) BC K-algebras and single-valued 
neutrosophic hyper BC'K-subalgebras to solve some complex real prob- 
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lems dealing with the principles of logical hyperalgebra(one or more groups 
based on these principles must be combined) and have uncertain informa- 
tion such as complex intelligent hypernetworks and related other sciences. 
Thus the non-classical mathematics together with the concept of neutro- 
sophic subset, therefore, has nowadays become a useful tool in applications 
mathematics and complex hypernetworks. Moreover, we can refer to some 
academic contributions of single-valued neutrosophic subsets such as single- 
valued neutrosophic directed (hyper)graphs and applications in networks 
[4], application of single-valued neutrosophic in lifetime in wireless sensor 
(hyper)network [4], an application of single-valued neutrosophic subsets 
in social (hyper)networking [4], application of single-valued neutrosophic 
sets in medical diagnosis, application of neutro hyper BCK-algebras and 
single-valued neutrosophic hyper BCK-subalgebras in economic hypernet- 
work [7], and application of neutro hyper BCK-algebras and single-valued 
neutrosophic hyper BCK-subalgebras in data (hyper)networks [7]. To con- 
clude, we considered the notion of single-valued neutrosophic hyper BC K- 
ideals and investigated some of their new useful properties. We considered 
that for any a € [0, 1] there is an algebraic relation between of a single- 
valued neutrosophic subset hyper BC K-subalgebra, A = (Ta, 1a, F'4) and 
A = (T4°, 14%, F 4°). In addition, with respect to the concept of hyper 
BCK-ideals of given hyper BC’ K-algebra, is constructed quotient BC'K- 
algebra structures. On any nonempty set, is constructed an extendable 
single-valued neutrosophic BC K-(ideal)subalgebra and isomorphism theo- 
rem of single-valued neutrosophic hyper BC'K-ideals is obtained. One of 
the advantages of this study is the conversion of complex hypernetworks 
to complex networks in such a way that all the details of the complex hy- 
pernetworks are preserved and transferred to the complex networks, but 
there are some limitations in this work. Although neutrosophic subsets 
are more flexible and useful as compared to all fuzzy theories, there are 
some limitations whence we need more than three functions in designing 
and modeling the real problem with complexity and high dimension. Also, 
the computations of single-valued neutrosophic hyper BC’ K-ideals for any 
given hyper BC K-algebras with large cardinal is hard and so the related 
mathematical tools such as congruence and strongly relations, nontrivial 
homomorphisms are complicated. Hence these problems prevent us from 
having a definite and simple algorithm for our computations. 

We wish this research is important for the next studies in logical hy- 
peralgebras. In our future studies, we hope to obtain more results regard- 


Mohammad Hamidi 


ing single-valued neutrosophic (hyper) BC K-subalgebras and their appli- 
cations in handing information regarding various aspects of uncertainty, 
non-classical mathematics (fuzzy mathematics or great extension and de- 
velopment of classical mathematics) that are considered to be a more pow- 
erful technique than classical mathematics. 


Acknowledgements. We thank the anonymous referee for the useful 
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